Introduction
This paper is written in the terminology of semialgebraic spaces and semialgebraic maps over an arbitrary real closed field R, developed in [DK] . 1 ) We are only able to handle affine semialgebraic spaces, but this should suffice for most applications. Roughly an affine semialgebraic space M ( [DK] , § 7) is a semialgebraic subset of the set V(R) of rational points of some affine algebraic variety V over R, "regarded without reference to the embedding Mc V(R)", and a semialgebraic map/: M ->N between such spaces is a continuous map which has a semialgebraic graph. Semialgebraic maps are our substitute for continuous maps in classical topology over IR. Notice t hat any semialgebraic subset M of the set of rational points of a quasiprojective variety over R is an affine semialgebraic space [DK] , § 7. § l contains the basis of all our proofs in this paper. This is a careful examination of the roots of a finite System of polynomials in one variable whose coefficients are polynomials in a System of parameters varying in some semialgebraic subset of R n . Something like our Lemma 1. l seems to be the heart of every semialgebraic method and occurs in the literature -mainly for R = R -at so many places that it is useless to write down references.
In § 2 we prove that it is possible to "triangulate" any affine semialgebraic space M and at the same time any finite family M 1? ..., M r of semialgebraic subspaces of M with finitely many open simplices, cf. [L] , [Hi] for R -R. If the spaces M, M 19 ..., M r are complete ( [DK] , § 9) this is also a triangulation in the traditional sense by closed simplices: We obtain a semialgebraic isomorphism ψ: \K\ R ^ M with \K\ R the realization over R of an abstraft finite simplicial complex K ( § 2, Def. 4 and 5) such that every is the realization \Lj\ R of some subcomplex Lj of K, Let now (M, A) be a pair of complete affine semialgebraic spaces and let
:(\ \ 9 \L\ R ) * (M, A)
be a triangulation of this pair. Then it is tempting to define for any abelian group G "semialgebraic" homology groups H p (M,A:,G) äs the abstract simplicial groups H p (K 9 L; G), and to do the same in cohomology. The question whether this defmition makes sense, i.e. whether these groups H q (M, A; G) and H q (M, A\ G) are independent of the chosen triangulation and have similar properties äs in the classical singular theory, has been answered affirmatively in the flrst author's thesis [D] . The classical approach by simplicial and singular chains is blocked up if the base field R is non archimedian, since the Standard technique to make such simplices "small" by iterated barycentric subdivision is impossible. They just do not become small. But the -now also classical -approach by Alexander-Spanier cohomology and sheaf cohomology can be modified to work over any real closed field R. In [D] homology and cohomology groups H q (M,A\G) , H q (M,A\G) with satisfactory properties are more generally defined for arbitrary pairs (M, A) of affine semialgebraic spaces. This does not cause serious additional difficulties, since every affine semialgebraic space M is the union of a filtered System (Afjae/) of complete subspaces M a which are strong deformation retractsof M.
Some technical points in [D] are rather complicated. In § 3 we try to explain äs far äs possible why semialgebraic homology and cohomology groups exist and have good properties, without going into technical details. Füll proofs should be published, but we feel that it now is more important to explicate how semialgebraic homology works and what can be done with it, and this is the theme of the present paper. Anyway, the thesis [D] is available on request for the interested reader.
If R is a real closed field containing R then äs a consequence of Tarski's principle we have an evident natural functor M -> ( ), called "base extension", from the category of semialgebraic spaces and maps over R to the corresponding category for R. This is explicated for affine semialgebraic spaces in § 4 and in general in [D] , § 9. Any triangulation of a pair (M, A) over R yields by base extension a triangulation of the pair (M(R) 
, A (R)). Thus we obtain natural isomorphisms H 9 (M,A; G) * H q (M(R) 9 A(R); G)
for the semialgebraic homology groups and also for the cohomology groups ( § 4).
Starting from this fact we pursue the goal to transfer results from classical homology theory to algebraic varieties and their semialgebraic subsets over an arbitrary real closed field R. The idea is always to obtain a given Situation over R by extension from a similar Situation over the field RQ of real algebraic numbers, then to make base extension from RQ to ft and to compare the (co)homology groups in these three cases.
In § 5 we establish in this way Alexander-Poincare duality for, say, the space V(R) of rational points of a smooth variety over R and its semialgebraic subsets, provided V(K) is complete. Application to spheres yields a semialgebraic Version of the generalized Jordan curve theorem and Brower's theorem of invariance of domain in the usual way. Similarly many other classical results can be transferred to arbitrary real closed fields, äs for example the Borsuk-Ulam theorem and Lefschetz duality theory.
But all these results could equally well be established without reference to the field R = IR directly by pursuing those classical proofs which work with simplicial methods. Thus our use of Tarski's principle here -concealed in the theory of base extensionis "innocent".
For reference to classical homology theory we need a book which Stresses simplicial methods without using the modern approach by semisimplicial complexes. Semisimplicial complexes would cause unnecessary complications, since they automatically have infinitely many simplices, while all our geometric complexes have to be finite by the very nature of semialgebraic methods. We have chosen the excellent book of Maunder [M] .
In the last two sections 7 and 8 we generalize some well known theorems on the homology of V(IR) for a possibly Singular algebraic variety over R to varieties over arbitrary real closed fields. These are: Milnor's theorem on the sum of the Betti numbers of V (R) ( [Mi] , cf. also [T] ); Sullivan's theorem that all local Euler characteristics of V (R) are odd ( [Su] , [B V] , [//j]); and the theorem on the existence of a fundamental class of V(IR} by Borel and Haefliger [BH] , § 3. For the last topic we have to assume that V(K) is complete, since we do not have an analogue of Borel-Moore homology at our disposal.
All known proofs of these results in the case R -IR use transcendental tools in an essential way. Thus our use of Tarski's principle here is more remarkable and more problematic. There remains the task to find semialgebraic proofs which work equally well for all real closed fields.
The basis of our transfer method in § 7 and § 8 is a theorem on the generic local triviality of semialgebraic families ( § 6, Theorem 6. 4), which deserves independent interest. Such a theorem has been established before in the case R = IR by R. Hardt [H] . Our theorem is more general even in the case /? = ^, and the proof seems to be simpler than Hardt's proof even in this case. The greater generality makes the proof easier.
The results of § l - § 5 are already contained in the first author's thesis [D] up to very minor modifications. There is a further topic in [D] which we mention but do not explicate here for lack of space:
2 ) There exists a purely algebraic description of the groups H q (V(R) , G) for a quasiprojective variety Fover jR äs "real-etale" cohomology groups, similar to M. Artin's description of the classical groups H q (V(C}, G) for V an algebraic variety over C and G finite äs etale cohomology groups [SGA 4, 3] ; Exp. XI and XVI, 4. The real case is much easier than the complex case.
The second author gratefully acknowledges support by the Deutsche Forschungsgemeinschaft while working on parts of this paper during a two months stay at the University of California at Berkeley 1980. He also thanks this university and in particular Prof. T. Y. Lam for generous hospitality. § 1. The roots of a System of polynomials Our goal in this section is to prove the following lengthy but fundamental lemma. Lemma 1. 1. Lei M 19 To prove this we first recall that the real roots of a polynomial in one variable over R can be regarded s functions of the coefficients with semialgebraic graph ( [C] , § 1), and that the image of a semialgebraic set in R n+i under π is a semialgebraic set in R n (Tarski We then find functions Aj,. . ., Aj (k) on A k with semialgebraic graphs such that λ*(χ)ή=λ*(χ) for all xeA k .if i^j and such that for every root μ,4 there is some m, l ^m^r(fc), with λ^(χ) = μ*4(χ) for all χ e ,4 k . Since >4 k is the disjoint union of the sets {x e Ai^(i) W < # (2) (x) < < # (r(k)) (x)} with σ running through the permutations of {l, 2,. . ., r (A:)}, we may assume after a further subdivision of the sets A k that for every χ e ^4 k Each function A* is a simple root of one of the polynomials d l PJdT l everywhere on A k . Thus we derive from the implicit function theorem (cf. [DK] , 6. 9), that λ*· is continuous in the strong topology, hence a semialgebraic function. The decomposition (A k \ l ^k^d) of M and the functions A* already have the properties i) -iii) stated in the lemma. These properties do not get lost if we subdivide the sets A k further, which is necessary to obtain iv) -vii).
Remembering that the interior k of any set A k with respect to M is again semialgebraic (cf. [DK] , 7. 7) we can assume after a subdivision of the A k that every A k either is open in M or has no interior points with respect to M.
We now define by induction on / semialgebraic sets B lj9 i^j^s (l) . Each set B {j will be contained in a (uniquely determined) set A a(l j } . As sets B 0j we choose those sets A k which are open in M. Then
j=i is closed in M and has no interior points with respect to M. Thus dim B 0 < dim M (cf. [DK] , §8).
Assume that for some fixed m^l the sets B lj9 l^j^s(l), are already defined for all l<m. We introduce for every i<m the set » s(l) U U
=0 j=l
Suppose B m _ 1 is not empty. We find a decomposition (C s c) If C s <=^A k n B lj9 l<m, and if Z ki n π" 1^) has non empty intersection with the closure of Z a(l j} f n n~1 (B lj [DK] , 6. 9) that for every set Z kj9 l ^j^r(k), the intersection of Z kj with the closure Z n of at least one set Z h , l^i^r(/), cannot be empty. Then it follows from the just stated property (*) that Z kj cZ /f . Thus our decomposition also fulfills vi).
We now check the validity of v). Let again two different sets A k and A l be given with A k^ { . From property (*) and the assumption that the leading coefficient a m (X^. . ., X n ) of P m vanishes nowhere on M (l ^W^Q) we derive that Z h n n~l(A k ) is the union of those Z kj which are contained in Z n . Thus to prove v) it suffices to show that for a given point χ in A k there is a unique t e R with (x, t) e Z n .
First we shall explain that there is at least one such value t. The leading coefficients of all non zero derivatives d l P m /dT l 9 considered s polynomials in Γ, do not vanish at x. Thus it follows from a well known elementary estimate that all roots of these polynomials are bounded in an open bounded neighbourhood U of x in R n . Therefore the closure Z n n π" 1 (t/) is a closed bounded subset of R n+l . The image of this set under π is closed in R n (cf. [DK] , 9. 4). It contains A l n [/, and we conclude:
Now we are left to show the following claim:
(**) For every i, l^/^r(/), and every xeA k there exists at most one point zeZ n with n(z) = x. and (x, 7)eN 9 we conclude that 7^t 2 . Thus the point s (x,/) and (x, F) of Z o -are certainly different. But A^ is a root of S on A l9 and S has degree < d with respect to T. This contradicts our induction hypothesis, and the claim (* *) is proved. Property v) is now verified.
It remains to check property vii). So assume A k <^ { , &Φ/, and Z kj c=Z H , and let/: A k u A l -»R be the function whose restriction to A k is A^ an( l to A t is λ\. Obviously / has a semialgebraic graph, and this graph is closed in (A k u A t ) χ R. It now suffices to check that the graph is locally bounded. Then we may conclude from [DK] , 9. 10 or [B] , Prop. 8.13 . 8 that / is continuous.
It is clear from our construction that A l is disjoint from k . (This is also a formal consequence of property iv).) Thus A l is open in A l u A k , and it suffices to study / in a neighbourhood of a given point χ of A k . Now ^ and then also Aj is a root of a non zero derivative Q:=8 m P tl /dT m of some Ρ μ . Since the leading coefficient of Q does not vanish at χ the roots of Q(y 9 T) are bounded for all y in a neighbourhood of χ in R".
Thus/is indeed a semialgebraic function on A k u 4, and Lemma 1. l is completely proved. § 2. Triangulation of affine semialgebraic spaces
We shall prove in this section that any affine semialgebraic space can be triangulated. We first explain what is meant here by a triangulation.
Definition 1.
An open n-simplex S over R is the interior of the convex closure of n + l affinely independent points e ,. . ., e n in some affine space R m :
The points e Q9 . . ii) The intersection S t n Sj of the closure of any two simplices S i9 Sj is either empty or a face of »% s well s of Sj.
The geometric simplicial complex (X, (S { , i e /)) is called complete, if the semialgebraic space X is complete [DK] , §9. This means:
iii) For every j e /, all open faces of Sj are again members of the family (5 f , iel).
For every geometric simplicial complex (X, (S^ i e /)) in R" the closure X of X in R n can be made a complete simplicial complex (X, (S i9 i B T) ) in a unique way such that /c/ and the new open simplices S i9 /e/\/, are precisely all open faces of the 5 f , /€/, which are not contained in X. We call (X, (5 i? i e /)) the completion of (*,($,/ e /)).
Later we shall often briefly write "X" for a geometric simplicial complex (*,($,/ e /)).
Definition 3. Let M be a semialgebraic space over Λ and let M 19 . . ., M r be semialgebraic subsets of M. A triangulation of M is a triple (X, (S i9 i e /), ψ] consisting of a geometric simplicial complex (X, (S i9 (S t , i e /)) in R n with X convex and a semialgebraic automorphism κ of R" such that :
, is the union of some sets K (S t ) , /e /.
This triangulation theorem 2. 2 is well known in the case R = f?, cf. [Hi] , [L] . All proofs in the literature use analytic tools. This destroys the possibility simply to copy one of these proofs in the general case, and leaves us with the need to give a complete proof of Theorem 2. 2. The investigation of the roots of a System of polynomials in § l will enable us to avoid all "analytic conclusions". But the main idea in our proof will be the same s in Hironaka's proof [Hi] .
We prove Theorem 2. 2 by induction on n. The case n -l is trivial since each MJ is a finite union of bounded intervals and points.
Assume now that the assertion is true for n ^ l . We want to show that it is true also for n + 1. Let M 19 . . ., M m be bounded subsets of R n+1 . We can make the following two assumptions (cf . [Hi] 2) MJ has no interior points^ i.e. damM^n (1^/^w). Indeed, we may replace MJ by its boundary dAfj which is again a semialgebraic set ( [DK] , 7. 7): Suppose we have found a complete simplicial complex (X, (S i9 ie/)), with X convex, and a semialgebraic automorphism κ of R n+1 fulfilling the properties of Theorem 2. 2 with respect to dM l9 ...,dM m . Then dMj and therefore, since X is convex, Mj is contained in X^(j ^ = υ κ(8>). MJ is the union of dMj and Mj\dMj because MJ is closed in **
1
. For all /e/ κ(5|) is either contained in dMj or K(S t ) n dMj = Q, Since κ(5 ί ) is connected we conclude that then also either κ(5 2 )<= jlf, or κ(5 ( ) π Mj -9.
Let P i9 . . ., P s E R[X i9 . . ., X n , Γ] be non zero polynomials such t hat each set M i is a finite union of sets of the form After performing an appropriate coordinate transformation of the form
. . , X n = J£ 4-# n · 7", Γ= 7" with elements a f e Λ we may assume that the polynomials P lf . . ., P s are normed in the last variable T.
Let π:Λ η+1 -> W denote the natural projection (x 1? . . .,x", /)>·-+ (χ 1? . . .,.χ π ). We apply Lemma 1. 1 to the semialgebraic sets π(Μ 1 ), . . . , n (M m We apply the induction hypothesis to the family (A k \keJ 2 ). We have a complete geometric simplicial complex (X 9 (5 α , α e /)) in ", with X convex, and a semialgebraic automorphism κ of R n such that: i) κ is the identity on R n \X.
ii) Each set A k9 keJ 2 , is a union of some simplices κ(Β Λ ).
Define € Λ :=κ(Β α ) and the index sets
Each simplex C a , aE/ 2 , is contained in a set A k , keJ 2 . Let be the restrictions of the semialgebraic functions /lj < ··· < ^( fc) to C e , and let
Since all the polynomials -* are normed in T (up to a factor which is a natural number), it follows from a well known estimate of the absolute values of roots of polynomials that there is some c>0 in R with |{f(x)|<c for all ae/ 2 , l£/££(a), and all jceC a . Every set M J9 IrSy^/w, is the union of some sets W ai9 ae/j. Indeed, since Afj has no interior points, at least one polynomial P k vanishes everywhere on M^ and all polynomials P k have constant signs {-l, 4-1 or 0} on every set W ah since W^ is connected.
We introduce the automorphism κ:=κχίά κ of /? n+1 . After a barycentric subdivision of the simplices B a we may assume that for all pairs (α, ι) φ (α, j) either n (W xi n W aj ) is empty or is the image C = K(B ) of a proper face B of Β Λ . We have According to Lemma l . l . v) above every vertex of B a there lies a uniquely determined point of K" 1 (W ui ) . Let S ai denote the open (straight!) simplex of R n+l spanned by these "vertices" of K"
i (W ai ). We claim that for (a, 0 + (&./) the intersection S ei n S^. is empty. This is evident if αφ/?. If a = /J and, say, i<j 9 then for every vertex p of Α α the vertices of 8 Λί and S^. above p have last coordinates t pi^tpj . For at least one vertex p of J5 a we have st riet inequality, since otherwise η(ΪΡ Λί n Hy could not be a proper "face" of κ(5 α ). Thus indeed S ai n S aJ . is empty.
Let T ai denote the image of S ai under κ. Notice that for points (je, /) e S al and (x, t'} e 5 a fi+1 resp. for points (x, i) e Τ Λί and (je, i r ) e T aJ+1 we have /<i'. The sets
We now introduce semialgebraic automorphisms g a of C a χ [ -c, c] for α e 7 2 . These g a are "vertical shiftings" (cf. [Hi] , 1. 9). We use the following notations: 
Obviously g a is a semialgebraic automorphism of C a χ [ -c, c] which maps T a i onto ΗΓ α fj . These shiftings g a , ae/ 2 , fit together to a bijective map
g has a semialgebraic graph. By use of Lemma 1.1, v) -vii) it is easily checked that g is also continuous. Thus g is semialgebraic. Since B 2r (0) We extend g' by the identity to a semialgebraic automorphism g of R n+1 .
We choose some d>c in /?, introduce the points P + :=(0, </), P_ :=(0, -d) and form the cones
over Xx{c} resp. Xx{ -c} with vertices P + resp. P_. The automorphism gojc of Λ π+1 maps Χ χ [ -c, c] onto itself and is the identity on (boundary of Χ) χ [-c, c] .
We now obtain the desired automorphism κ' of n+1 s follows. We introduce the convex set and define
κ' is indeed a semialgebraic automorphism of R n+l which outside L is the identity. κ' maps every simplex S ai with ae/ l9 1^/^(0), onto the set \Υ Λί . Adding to the simplices S ef , α 6 7 2 , further simplices in an evident way we obtain a triangulation of L. By construction every set Mj, l ^y'^w, is a union of some sets κ:'(5 αί ) with α e /^ Thus κ' does what we want, and Theorem 2. 2 is proved.
In order to work with triangulations efficiently we now recall some classical terminology adapted to an arbitrary real closed field R instead of the field R of real numbers.
Definition 4. a) An abstract simplicial complex K (= simplicial complex in [5], = simplicial scheme in [G] ) is a pair (E (K), S (K)) consisting of a set E(K), whose elements are called the vertices of K, and a set S(K) of fmite non empty subsets of E(K), which are called the simplices of K, such that : i) For every e e E(K) the set {e} is an element of S(K).
ii) Every non empty subset τ of some σ e S(K) is again an element of S(K).
If a simplex σ e S(K) consists of n -h l elements we say that σ has dimension n or that σ is an «-simplex. (L) such that the image α (σ) of any set σ e S (K) is an element of S (L) . If in addition α is bijective and also a" 1 is simplicial, then α is called an isomorphism between K and L.
In the sequel we assume always tacitly that all occurring abstract simplicial complexes have only finitely many vertices. Other abstract simplicial complexes will not play any role in this paper. The dimension dim K of an abstract simplicial complex K is defined s the maximum of the dimensions of the simplices of K.
With any geometric simplicial complex (X, (S f , i e /)) in R n we associate an abstract simplicial complex K(X) = (E(X) 9 
S(X)) in the following way: E(X) is the union of the sets E(St) of vertices of all open simplices S t . A non empty subset σ of E(X) is an element of S(X) if and only if σ is a subset of £(£,) for some i e /.
Definition 5. A realization of an abstract simplicial complex over R is a complete geometric complex (X, (S i9 i e /)) = X over R together with an isomorphism α: K ^ K(X).
As in the case R = ft it can be shown, cf. e.g. [M] , Th. 2. 3. 16:
is a realization of an abstract simplicial complex K over R which is kept fixed during the considerations then we usually identify the vertices of K with the vertices of X via a, i. e. we regard α s the identity. We then use the notations \K\ R or \K\ for the geometric complex X and talk of "the" realization of K over R. For any geometric complex (Y, (S i9 iel)) in R n the realization |ΑΓ(7)| of K(Y) can and will be chosen s the completion (F, (S i9 
(X) = K(X) and K(Y) = K(Y).

Definition?, a) Let K=(E(K), S (K))
be an abstract simplicial complex. For any two simplices σ, τ of K we write σ < τ if σ is a proper face of τ, i.e. σ c τ and σ φ τ. The barycentric subdivision K' of K is the following abstract simplicial complex: E(K') is the set S(K). {Think of any simplex |σ|<=:|ΑΤ| s replaced by its barycenter.} S(K') is the set of (finite) subsets of E(K') which are totally ordered by inclusion. We write any r-simplex of K' s a chain σ 0 <σ 1 <···<σ Γ (σ ί €5'(Α')). A realization \K\ R of K over R immediately yields a realization \K*\ R of K' over R by barycentric subdivision of all simplices of \K\ R in the evident geometric way. A vertex σ e E(K') = S (K) is then realized s the barycenter of the simplex |cr|. b) For every complete geometric simplicial complex X over R we denote by X' the barycentric subdivision in the geometric sense. Thus X' = \K(X)'\ R . For a non complete geometric complex X we denote by X' the set X equipped with the partition by all open simplices of (X)' which are contained in X. Then X' is again a geometric simplicial complex, called the barycentric subdivision of X.
c) The barycentric subdivision of a triangulation (X, (S i9 i e /), ψ) of a semialgebraic space M is the map ψ : X -^ M together with the barycentric subdivision X' = (X 9 (S/, i e /')) of the geometric complex (X 9 (S h i e /)).
To investigate the homology of a semialgebraic subset A of an affine semialgebraic space M we shall later use a simultaneous triangulation of M and A. Difficulties may arise from the fact that the complete subcomplex of X generated by the vertices with image in A is in bad relation to the family of all open simplices S t with ^(S^ciA. Thus we shall usually need a triangulation of M which is "good" on A. We now explain the precise meaning of the word "good" here. In the same way a lot of elementary terminology and elementary observations in classical homotopy theory takes over to our semialgebraic setting. 
E(L):=F(A), S(L):= {σ e S(X)\acF(A)} .
Then iH|£|) is a strong deformation retract of A.
Proof. We denote our geometric simplicial complex X more precisely by (X, (S i9 i e /)). Replacing M by the set X we assume that ψ is the identity. We introduce the index set /' consisting of all iel with S^A and the subset / consisting of all /_e/ with S t c:A. Since the triangulation is good on A the space \L\ is the union of all S { with i € J. Also A is the union of all 5, with IG/'. Let some IG/' be fixed. Since the triangulation is good on A the intersection 5 f n |L| is not empty and S t n |L| = 5,· with some j=j (i) 'Σ<Λ)ΗΣΟ (Σ Clearly ^ is semialgebraic and x i \S j is the identity of Sj. In particular if ieJ then 5 f = S t and /, is the identity on 5 t .
Let A' denote the union of all sets 5 £ , / e f. This is a semialgebraic subset of X which contains A. All the maps # i? IG/', fit together and yield a semialgebraic map / : A' -» |L| which is the identity on \L\. We then have a homotopy F:A' χ [0, 1] -» >4' from id^ to χ defined by F maps ^4x7 into A and the restriction F\AxI is a homotopy from Ίά Α to Moreover F(x, t) = x for every jce |L| and te [0, 1], s desired.
Q.E. D.
Definition 10. We call L the abstract core and u(\L\) the geometric core of ^4 with respect to the good triangulation ψ. § 3. Semialgebraic homology and cohomology
In this section we want to explain -omitting most technical details -that a reasonable homology and cohomology theory exists for affine semialgebraic spaces over any real closed field , thus in particular for the space X(K) of real points of a quasiprojective variety X over R.
It seems to be easier to Start with cohomology instead of homology (cf. Introduction).
Let (M, A) be a pair consisting of an affine semialgebraic space M over R and a semialgebraic subset A of M. We choose a good triangulation of the pair (M, A) . By this we mean a simultaneous triangulation (Jf, (S- 
G).
If R is an arbitrary real closed base field then the cohomology groups H P (M, A; G) which we want to define should again coincide with the simplicial groups H P (K, L\ G) .
would leave us with the difficult task to prove that these groups do not depend on the choice of the good triangulation of (M, A) . Thus it seems better to define the groups H P (M,A\G) in a more theoretical way, which leaves no doubts that these groups are true invariants of the pair (M, A) , and to verify a posteriori that the groups H P (M,A;G) are canonically isomorphic to the simplicial groups H P (K, L\ G) . This has been done in the paper [D] , which contains complete proofs of all results we shall state in this section and further details.
We work on the affine semialgebraic space M with the "semialgebraic site" M sa . This is a site in the sense of Grothendieck defined s follows (cf. [DK] , § 7 for motivation). The objects of the category of 3 ). Thus an (abelian) sheaf on M sa is an assignment t/ -> F(U) of an abelian group F(U) to every open semialgebraic t/czAf fulfilling the usual sheaf conditions with respect to finite coverings in the usual sense. We call these sheaves the semialgebraic (abelian) sheaves on M. For any such sheaf F we denote by H q (M, F) the q-th cohomology group H q (M sa , F} in the sense of Grothendieck, defined by use of an injective resolution of F. It can be shown using Standard arguments that the groups H P (M, F} can be computed using the more general flabby resolutions instead of injective resolutions [D] , 6. 8.
Let now A be a closed semialgebraic subset of M and G be some abelian group. We define a semialgebraic sheaf G M A on M s follows:
Here n 0 (U, (7 n A) denotes the finite (!) set of all connected components of U which do not meet the set A, and G For any semialgebraic map /: (M, A) -* (N, B) we obtain functorial group homomorphisms /* : /P (7V, B, G) -* H P (M, A, G) in the following way. We have an evident morphism a:f*G N B -+ G M A of semialgebraic sheaves on M, which induces a homomorphism (M, G MtA We then define Γ = «* ' T If A is a closed semialgebraic subset of M and B is a closed semialgebraic subset of A we have an evident exact sequence of semialgebraic sheaves (i denotes the inclusion which induces a long exact sequence
D elf s and Knebusch, Homology ofalgebraic variefies over real closedfields
Choosing a suitable flabby resolution of G M A it can be shown -s in the classical case R = P for the topological site -that the groups The proof of this theorem seems to be the hard part in building up semialgebraic cohomology. The now existing proof is in principle similar to the classical proof ( [S] , Chap. 6, § 5) but considerably more complicated. In the whole theory this proof seems to be the place where the nonarchimedian pathologies of the field R are most apparent.
An affine semialgebraic space M has good Separation properties similar to a paracompact topological space. They imply that for any semialgebraic sheaf F over M the Grothendieck cohomology groups H P (M, F) (M,A, G) .
Here the second isomorphism is clear from (3. 1) and Theorem 3. 2 (cf. the beginning of this section), and the first isomorphism drops out from a computation of H P (\K\, /| | JL |) using the covering of |Ä^| by the open stars of the vertices of K. These stars are -again by Theorem 3. 2 -acyclic semialgebraic sets.
Up to now we have admitted only pairs (M, A) with A closed in M. It is now easy to define cohomology groups H P (M,A;G) for arbitrary semialgebraic subsets A of affine semialgebraic spaces M and to restate the essential properties for these groups. We denote by I(A) the set of all complete semialgebraic subspaces C of A such that C is a strong deformation retract of A. In particular I(A) is not empty, and for any two sets C i e I(A), C 2 e I(A) there exists a third set C 3 6 I(A) containing Q u C 2 . We regard I(A) äs an inductively ordered set by the inclusion relation. We define ;G):= lim H P (M,C;G) . (M, C; G) and we defme the map /* from H P (N,B\G} to H P (M, A\G} such t hat the diagram
It is now trivial to establish the long exact cohomology sequence (3. 1) for three affine spaces M^A^>B and to extend the theorems 3. 2 and 3. 3 to any pair of affine spaces.
Remark. The procedure in [D] We now discuss homology. Let (M, A) be a pair of affine semialgebraic spaces. We call a good triangulation (X', (S·, ie /'), ψ') of (M, A) a refinement of another good triangulation (X, (S i9 is an Ϊ8οηιθφΜ8ηι for every /? ^ 0 and every abelian group G. One now deduces in a rather formal way that also the induced maps in simplicial homology are isomorphisms, cf. [D] , § 8. Of course, both the homomorphisms μ* and μ # do not depend on the choice of μ, but only on φ and φ'.
We define the semialgebraic homology groups of (M, A) s follows.
(3. 6) H p (M, A; G) := lim H p (K, L; G).
V
Here ψ runs through the inductive System of all good triangulations of (M, A), and K, L are the abstract cores of M and A with respect to ^. The transition maps L; G) are the isomorphisms μ φ described above.
For these groups H p (M,A\G) functoriality is easily established. Let f:(M 9 A)-+(N 9 B)
be a semialgebraic map. Let (7, (TjJeJ), ψ) be a good triangulation of (N, B) with abstract cores Κ±, L± of N and B. According to §2 we find a good triangulation (X, (S i9 i E 7), φ) of (M, ^4) such that every set f~l (^(7})) is a union of sets <p(S f ).
Let K and L be the abstract cores of M and A. For every vertex e e £"(#) we choose a vertex g(£) e JE^) of the open simplex T j whose image under ψ contains /ο φ(β). If ee E(L) then we choose g(e) in JSiLJ. It turns out that g: (K, L) -» (AT 15 Lj) is a simplicial map, and that the induced maps g ,'.H p (K,L;G)-+H,(K i ,L l ;G)
do not depend on the choice of g [D] , p. 122f. We define
ft:H p (M,A;G)-+H p (N,B;G)
such that the diagram commutes. This map f^ does not depend on the choice of the triangulations ψ and φ [D] , loc. cit.
The analogues of the long exact sequence (3. 1) and of Theorem (3. 2) for the semialgebraic homology groups are easily verified. The analogue of Theorem 3. 3 is true exdefinitiones:
H,(K, L; G) * H p (\Kl \L\ ; (7) * H ,(M 9 A; G)
for any good triangulation of (M, A) with cores K and L.
It is clear from our simplicial description of semialgebraic cohomology and homology that
H°(M, A ; G) & H 0 (M, A ; G) s and that
9 A; )« for /? > dim We finally emphasize a fact which is evident from our simplicial description of semialgebraic homology and cohomology and Proposition 2. 5 (cf. beginning of this section).
Theorem 3. 7. For every pair (M, A) of äff ine semialgebraic spaces over the field IR of real numbers the semialgebraic homology groups H p (M, A; G) coincide with the classical Singular homology groups H pcl (M,A; G). The same holds true in cohomology. § 4. Extension of the base field
Let R be another real closed field which contains the real closed field R. There exists a natural functor "base extension" from the category of affine semialgebraic spaces over R to the category of affine semialgebraic spaces over R. This is a consequence of Tarski's principle to transfer elementary Statements from R to R, äs will now be explicated.
Let M be a semialgebraic subset of R n . We describe M by finitely many equalities and strict inequalities of polynomials :
We define a semialgebraic subset M of R n using the same equalities and inequalities :
M:= U {xe
According to Tarski's principle this set M depends only on M but not on the chosen description of M. Also M n R" = M, thus M is a subset of M uniquely determined by M.
Permanently using Tarski's principle we obtain 
iii) / is injective (surjective, resp. open, resp. closed) if and only if f is injective (surjective, resp. open, resp. closed). iv) ?(Ä)=f(
A)~, /- 1 (£)=/- 1 (5)~, (f\A)~ =/U v) (g°f)~=g°f· vi) Ä
is contained in M and : Ä-> M is the inclusion map.
We now establish a functor E from t he category Ή (R) of affine semialgebraic spaces over R t o ^(R). We choose for every affine semialgebraic space M a fixed embedding χ Μ : M -» R" into some R n . We then define
For any semialgebraic map f:M-+N we have a unique map x(f) : χ Μ (Μ) -^> χ Ν (Ν)
which corresponds to /via χ Μ and χ Ν . We define Clearly £ is a functor from #(/?) to <^(/f). It is easily checked that E preserves fmite fibre products.
For every affine semialgebraic space M over R we have a unique injective map a M from the set M to the set E (M) 
We usually write M (R) instead of E(M)
and f% instead of £*(/), and we call M(R) and ^ the semialgebraic space resp. the semialgebraic map over Λ obtained from M resp. / by base extension from R t o R. We usually regard M s a subset of M (R) via the injection a M . Also, if A is a semialgebraic subspace of M, we regard A (R) s a subspace of M (R) via the injective map lg obtained by base extension from the inclusion map /: A c» M.
Notice that if V is a quasiprojective variety over , then the space obtained from V(R) by base extension "is" the space V(R) of rational points of V over R.
Remark.
It is fairly obvious that base extension can more generally be established for arbitrary semialgebraic spaces over R and the semialgebraic maps between them, cf. [D] , §9.
If K is an abstract simplicial complex, then clearly
\K\S=\K\ R (&).
Also, if α: Κ-*L is an abstract simplicial map, the realization |a|# is the base extension of the realization |a| to R. If (X, (S i9 
ieI)) is a geometric simplicial complex over R, then (X(R), S t (JK) 9 iel)) is a geometric simplicial complex over R. Finally, if (X, (S f , i e /), i^) is a good triangulation of a pair (M, A) of af ne semialgebraic spaces, then by Tarski's principle (X(R\ (S { (R\ i e /), fe) is a good triangulation of (M( ), A(R)).
19* M and M(K) clearly have the same abstract core K with respect to these triangulations. Also A and A (R) have the same abstract core L. According to § 3 we have for every q S> 0 and every abelian group G natural isomorphisms
y:H q (K, L; G) * H q (M(ft), A(R) 9 G).
Thus we have an isomorphism ßM,A = 7 1 : H q (M, A; G) * H q (M(R) 9 A(K), G).
It is easily checked that ß M A does not depend on the choice of the good triangulation (X, (S i9 
B(R)cA(R)cM(R).
The same observations hold true in semialgebraic cohomology. Thus we may state
Theorem 4. 2. For every pair (M, A) of affine semialgebraic spaces we have canonical isomorphisms H q (M 9 A; G) ^ H q (M(R) 9 A(R); G),
\G}^ H q (M(R) 9 A(R);G).
In the case ? = 0, ^4=0 this theorem yields in particular Corollary 4.
An affine semialgebraic space M over R is connected if and only if M (R) is connected. More generally, if M 19 . . ., M r are the connected components of M, then M 1 (R),. . ., M r (R) are the connected components of M (R).
It is not difficult to generalize this Statement to arbitrary semialgebraic spaces, for example by use of Lemma 9. 12 in [DK] .
Theorem 4. 2 opens the road to transfer many results from classical homology theory to semialgebraic homology theory without any serious labour. We give examples for this in the present and the next section. In all these examples Theorem 4. 2 seems to be not really necessary, since we could äs well adapt classical proofs using triangulations and staying over a fixed real closed field R. But this would often be more laborious.
We always denote by R$ the real closure of the field 0 of rational numbers. This field RQ is contained in any other real closed field. We obtain from Theorem 4. 2 and Theorem 3. 7 äs an important consequence
Corollary 4. 4. Lei V be a quasiprojective variety defined over R$. Then for every real closed field R the semialgebraic homology groups H p (V(R),G] are canonically isomorphic to the dassical Singular homology groups H p cl (V(IR), G). The same holds true in cohomology.
Example4. 5. Let S n (B Q9 H p (B, A B} -^ H p (M, A) and a second such diagram where the lower horizontal arrow a 2 is replaced by the natural map a 3 : H p (B Q 
(R\ A 0 (IR) n B 0 (IR))-> H p (M 0 (P) 9 A Q (IR)).
Now U 0 (ft) and F 0 (f?) are open in M 0 (^) and they cover together the space M 0 (^), äs is clear by Tarski's principle or from the triangulation above. Thus oc 3 is an isomorphism. From the second diagram we learn that a x is an isomorphism and then from the first diagram, that a 2 is an isomorphism.
Q.E. D. (M, Λ ; G) is an isomorphism for every /?^0 and every G. Indeed, choosing a simultaneous triangulation of M, Λ, jff we may assume that M= | T| , A = \L^\ R , B = \L 2 \ R with K an abstract simplicial complex and subcomplexes L x , L 2 of K such that T=L 1 u L 2 . It is well known and evident that the maps
are isomorphisms [M] , p. 118. § S. Alexander-Poincare duality
We consider again affine semialgebraic spaces over a fixed real closed field R. Definition 1. Let K be an abstract simplicial complex and χ be a point of the realization \K\ over R. The simplicial neighbourhood N K (x) of χ with respect to K is the union of all closed simplices of \K\ which contain x. The link Lk K (x) of χ with respect to K is the union of all closed simplices of \K\ which are contained in N K (x) but do not contain x.
Notice that there exists a semialgebraic isomorphism φ from N K (x) onto the cone over Lk K (x) which maps x to the new vertex of the cone [M] , p. 43. If x is a vertex of ΛΓ then φ may even be chosen s a simplicial isomorphism.
As in the case R = IR the following important fact can be verified in an elementary way, cf. [M] , 2. 4. 5 and [DK] , 9. 8. Example. For any irreducible w-dimensional algebraic variety V over R the space F( ) reg of regul r real points of V is a semialgebraic w-manifold. This is a consequence of the implicit function theorem, cf. [DK] , Proof of Prop. 8. 6.
As an application of Proposition 5. l we obtain Notice that according to Proposition 5. l the choice of the triangulation is irrelevant for the homology groups of the links. Thus Definition 3 makes sense.
According to Corollary 5. 2 every complete affine semialgebraic «-manifold over Λ is a homology «-manifold. In particular for every quasiprojective variety V over R without singular real points the space V(R) is a homology «-manifold provided V(R) is complete. Q.E. D.
Proposition 5. 3. Let M be an affine semialgebraic space over R and let R be a real closed field containing R. Then M (R) is a homology n-manifold if and only if M (R) is a homology n-manifold.
Proof. We may regard M s a semialgebraic subset of some R N . Then M is complete if and only if M is closed and bounded in R N , and M(R) is complete if and only if M(R) is closed and bounded in
Remark 5. 4. Let M be an affine semialgebraic space over R and let R be a real closed field containing R. Then it can be shown that M is an «-manifold if and only if M (R) is an «-manifold. We do not need this fact.
Proposition 5. 5. Let M be a connected homology n-manifold over R. Then H"(M 9 Z/2) s Z/2 and # n (M,Z)^Z or # n (M,Z) = 0. This is well known in the case R=ft [M] , 5.3.6, and can be immediately generalized to arbitrary R by use of Proposition 5. 3. This is well known in the case R = R [M] , Theorem 5. 3. 13. In general \K\ R is a homology «-manifold iff \K\ P is a homology «-manifold and clearly \K\ R is orientable iff \K\ P is orientable. Thus the theorem remains true over any real closed field R. In fact the proof in [M] by its combinatorial nature directly generalizes to any real closed field. In particular the explicit description of the duality isomorphisms in [M] takes over to any real closed field R.
Let now M be a homology «-manifold over R and let B a A be semialgebraic subsets of M. We choose a triangulation ψ : \K\ ^ M which is good on A and B. Without loss of generality we assume that M=\K\ and ψ is the identity mapping. Let T X and L! be the abstract cores of A and B respectively. Thus | ^| and |LJ are the largest complete subcomplexes of \K\ contained in A and B respectively, and (1) Η 9 (Α 9 Β 9 0)^Η^ (Κ 19 1^;0) for every q>0 and every abelian group G. Now the first barycentric subdivision of our triangulation is also good on M\A and M\B (cf. Prop. 2. 4). Clearly ^ and £ x are the abstract cores of A/XI ^I and AfXILJ with respect to the barycentric subdivision of ψ. Thus (2) H^K^G^H^M^L^M^K^iG).
The triangulation ψ is good on all the sets MXILJ, M\J?, M\\K ± \ 9 M\A. The sets M XILJ and M\5 have the same abstract core L 2 and the sets M\| ^| and M\^4 the same abstract core K 2 with respect to ψ. Thus
Taking into account the isomorphisms (1), (2), (3) we obtain from Theorem 5. 6 a weak Version of a semialgebraic Alexander-Poincare duality theorem. (M\B, M\A; G) .
Remark 5. 8. Using the classical simplicial defmitions it is possible to define cupand cap-products in our semialgebraic (co)homology theory which do not depend on the chosen triangulations. Assume for simplicity that M is connected. If we choose a generator of //"(M, Z) if M is orientable resp. of H n (M, Z/2) if M is not orientable, then the duality isomorphisms in Theorem 5. 7 are induced by the cap-product with this "fundamental class" . In particular they are independent of the chosen triangulation (cf. [M] ). But Theorem 5. 7 äs it Stands suffices for the applications we have in mind.
For any affine semialgebraic space M over R we define the reduced homology group H q (M, G) in the usual way äs the kernel of the natural homomorphism from H q (M, G) to //g(*, G) induced by the map from M to the one point space *. Similarly we define H q (M, G) äs the cokernel of the natural homomorphism from //*(*,
G). Of course H q (M, G) = H q (M, G) and H q (M,G} = H q (M,G} for q>0.
Writing down the long exact homology and cohomology sequences of the pair (M, {a}) for some a e M, we see that
for every q ^ 0 and G.
Corollary 5. 9 (Alexander duality). Lei A be a non empty proper semialgebraic subset of the sphere S n (R). Then for every q^Q and every G there exists an isomorphism
Proof. Applying Theorem 5.7 to M = S"(R), A, and B:={a} with some point a e A we obtain ff*(A, G)^H n _ q (S n 
Now S n (R)\{a} is semialgebraically isomorphic to R" by stereographic projection. Thus S n (R)\{a} is contractible. The long reduced exact homology sequence for (S n 
We mention some applications of the duality theorems 5. 7 and 5. 9 to the geometry of spheres obtained in the same way äs in the classical theory.
Theorem 5. 10. Lei M be a homology n-manifold over R which is not orientable. Then there does not exist an injective semialgebraic map from M to S n+i (R).
Proof. We may assume that M is connected. Thus also H 0 (S n * i (R)\N 9 Z) = 0, and we obtain, again by Alexander duality,
TheoremS. 11. />/ M be a closed semialgebraic subset of S n+1 (R), n^.1. Assume that M is a homology n-manifold with k connected components. Then S n+l (R)\M has k + l connected components.
Proof. M is orientable by Theorem 5. 10. Alexander duality yields
By a special case of Poincare duality
This gives the theorem. {Theorem 5. 10 is not really necessary for the proof, since we could equally work with Z/2 s coefficients.}
Corollary 5. 12 (Generalized Jordan curve theorem). Lei f: S" (R) -» S"* 1 (R) be an injective semialgebraic map with Image M. Then S n+l (R)\M has precisely two connected components C i and C 2 . Both open sets C 1 and C 2 have the boundary M.
Proof. f is a semialgebraic isomorphism from S n (R) onto M. The first assertion is contained in Theorem 5. 11. By elementary dimension theory the set C i u C 2 is dense in S n+i (R), cf. [DK] , 13. 1. Let χ be a given point in M. Suppose χ is not contained in the boundary of Q. Then χ is contained in the boundary of C 2 . Let M' -M\{x}. This is a contractible space. Clearly S n+i (R)\M' has two connected components C l and C 2 u {x}. But by Alexander duality This is a contradiction. Thus every point of M lies in the boundary of Q.
By a well known classical argument [Do] , p. 79 we obtain from the generalized Jordan curve theorem The last two sections may foster the impression that it is a more or less trivial matter to transfer results on the homology of real algebraic varieties to algebraic varieties over any real closed field R. This impression is misleading, at least at our present state of knowledge. Up to now we have only applied the "obvious" transfer method. The success of this method depends on an extraordinary thorough combinatorial understanding of the given classical Situation.
We now provide the tools for another transfer method, to be explicated in the next sections.
Lemma 6. 1. Lei P 1 (X 9 Γ),. . ., P S (X, T) More precisely it is true that the set of points (a l9 . . ., a r ) e R r which yield such a transformation contains a non empty Zariski open subset of R r . The easy proof may be left to the reader. We shall use the lemma only in the following weaker form, which is needed to take benefit from Lemma 1.1. (X, T 19 
..., T r _ i ) of every polynomial P k (X, T) with respect t o T r has no zeros on UxR r~l .
We now consider semialgebraic subsets of a product R n χ R m . We denote by pr 1 : R" χ 7?
m -» R" the natural projection of R" χ R m to the first factor. 9 T m the role of T and P 19 . . ., P s the role of P i9 . . ., P p . Choose a decomposition ί/j x Ο, μΑί(^(χ, /))), (μ> 1).
The maps j fit together to a semialgebraic homotopy
s is easily verified using the properties iv) -vii) of Lemma 1.1. {It is evident that K has a semialgebraic graph. Thus only continuity has to be checked. Q.E.D.
Remark. We shall need from Proposition 6. 3 only the existence of the retraction s with the properties ii) and iii). The homotopy Statements in i), ii), iv) have been included to make the idea of the proof "moving the fibre" more transparent.
We now prove a stronger and at the same time simpler theorem than Proposition 6. 3 on the "local triviality" of semialgebraic families. 
Remarks. 1) It is not necessary t o state anew contractibility for the Β λ , since it is evident from the triangulation theorem 2. l that the Β λ can always be chosen s contractible into every point.
2) The theorem states generic local triviality. Indeed, if N is embedded into some Λ", then it follows from the theorem that there exists some Zariski closed subset Z of R n such that JV\Z is not empty and the family M, M 1? ...,M r lies trivially over every connected component of JV\Z with respect to/. The theorem contains not hing more.
3) A theorem similar to Theorem 6. 4 has in the case R = R first been proved by R. Hardt [H] , p. 295. Hardt states generic local triviality only for the map / itself without considering subsets of M. His theorem contains a further Statement which we also could prove but do not need here. Varchenko [V] and Wallace [W] have proven our theorem for = f? with homeomorphisms φ λ instead of semialgebraic isomorphisms. The proofs of all three authors are rather different from our proof. Remark. The theorem on the invariance of domain can be avoided in this proof by embedding R n χ R m into R n xS m c:R n x R m+l and then applying Proposition 6. 3 to R n xR m+i , the subset R" χ S m and the images of the Mj. It can then be seen in an elementary way that the bijective semialgebraic map φ λ : Β λ χ S m -> Β λ χ S m obtained from the retraction $ λ is an isomorphism. Indeed, every point χ e Β λ has a complete neighbourhood N in Β λ and φ λ yields a bijection from N χ S m to N χ S m which must be an isomorphism by [DK] , 9. 8.
We close this section with an application of Theorem 6. 4 to the local geometry of semialgebraic subsets of R n of independent interest. We denote for any ε > 0 by D e the closed ball of radius ε with center at the origin 0, and by S £ the boundary of D E . For any semialgebraic subset M of R n we denote by M E the intersection M n S £ . For a semialgebraic subset 7V of S e we denote by C(N) the cone over N with vertex 0.
Theorem 6.5 (cf. [W] for R = R). Let M l9 ..., M r ii) φ ε (χ) = x for every χ e S E .
Proof. We apply Theorem 6. 4 to the semialgebraic map /: with a retraction $ ε : Ζ> ε \{0} -» S E which maps every set M j n φ ε \{0}) onto Composing ^ε with the semialgebraic isomorphism we obtain a semialgebraic automorphism <ρ ε of Ζ) ε \{0} which preserves the norm and is the identity on S E and maps M j n (J5 e \{°}) onto CW/, e )MO} for l ^/g r. This automorphism φ ε extends to a semialgebraic automorphism φ ε of £> ε with <ρ ε (0) = 0, and φ ε has all the required properties.
Remark 6. 6. Let M be a complete semialgebraic subset of R" (complete for simplicity) and let M 19 . . ., M r be closed semialgebraic subsets of M which all contain the origin 0. Then the local conic structure This theorem has been proved by Milnor [M] in t he case jR = P. A similar theorem has been proved by Thom [T] . Both authors use Morse theory s their main tool. We now want to explain how it can be seen starting from the known case R = IR that the theorem holds true over an arbitrary real closed field R.
As before let RQ denote the real closure of the field 0 of rational numbers, i.e. the algebraic closure of 0 in IR. It is evident that the theorem holds true over RQ. Indeed, for any System ^,. . .,f t of polynomials in R^{X^. . .,X n~\ the semialgebraic space 2f(fi,. . .,^; ΛΟ) yields the semialgebraic space <3T(/i,. . .,^; IR} by base extension from RQ to R. Thus these two spaces have the same Betti numbers.
We fix natural numbers w^l,i/^l,/^l. We introduce the vector space P = P (n, d) n with x = 0, and if ε > 0 is chosen in R small enough such that M n D e has the conic structure described in Theorem 6. 5, then by well known arguments (Μ ε :=Μη S £ )
Indeed, by the excision theorem 4. 6
and since C (M B ) is contractible
In the same way we see that if x has a complete neighbourhood N in M and ^ : | ] ^> Aî s a triangulation of 7V then (cf. § 5, Def. 1)
Theorem 8. 3. Let V be a quasiprojective variety over R. Then for every x e V(R) the local Euler characteristic x(V(R), V(R)\{x}) is odd.
In the case R = ft this theorem is due to Sullivan [Su] . A complete proof has been given by Burghelea and Verona in [B V] , § 4 and then another proof by Hardt [HJ. All these authors consider more generally analytic sets and use transcendental tools.
Starting from the case /? = P we now prove Theorem 8. 3 in general. Again, it is already clear that the theorem holds true for R = Rg, since then base extension from R to /R is possible. For arbitrary R we retreat by excision to the case (notations from § 7) with some polynomials^,. . .,/ in R [X 19 
(R) ^ M(R). For any point χ e V(R) X (V(R), V(R)\{x}) = X (M(R) 9 M(R)\{*(x)}).
We now make use of a lemma which we shall prove below. According to this lemma there exists a point y e M such that (M, M\{y}) , which is an odd number. The proof is a "pleasant combinatorial exercise" [Su] which may safely be left to the reader.
X (M(R), M(R)\{«(x)})= X (M(R), M(R)\{y}) = x
Let now V be any quasiprojective variety over R and let M be a connected component of V (R) . Assume that M is complete and has dimension n. Let Z l be the sum of those «-simplices of N K "(e) which are contained in B 19 and let Z 2 be the sum of those «-simplices of N K "(e) which are contained in B 2 . Both chains are non zero. Since Z x is the "local part" of the barycentric subdivision of T at e and since the boundary of T is contained in dN i9 the boundary of Z l must be contained in Lk K ,.(e) 9 i.e., Z l is a cycle in C n (N K »(e) 9 Lk K »(e) 9 Z/2). Z 2 is the "local complement" at e of Z 1 in the barycentric subdivision of S n which is a cycle in C n (K" 9 Z/2) 9 hence we conclude that also Z 2 is a cycle. Since K" does not contain (« + l)-simplices Zj and Z 2 yield two different non zero homology classes in H n (N K ,.(e) 9 Lk K "(e) 9 Z/2) and we obtain a contradiction. Thus A 2 is empty, which means that T is the union of all closed «-simplices contained in ff t .
Lemma 8. 6. implies that Thus the homology class 8 η (Μ,φ) in H n (M 9 Z/2) has the property that its restriction to N t generates H n (N^ dN^Z/2) for every i'e {!,..., r}, and since α is injective, it is the only homology class in H n (M 9 Z/2) with this property. In particular S n (M, φ) does not depend on the chosen triangulation φ. Henceforth we write S n (M) instead of S" (M, ψ) and call S n (M) the fundamental class of M.
Assume now that V is normal. Then the codimension of the complement of M n F reg (/?) in M is at least 2. Thus dN t has dimension at most «-2. This implies r that every chain in C n (K', Z/2) whose boundary is contained in (J 5JVj is in fact a cycle.
In particular the natural map is an isomorphism. Now the natural maps from H n (N i9 Z/2) to H n (M, Z/2) yield a section of a, and we see that α is bijective.
Altogether we have proved is a non zero generator of H n (M 9 M\{x} 9 Z/2).
Proof. We may assume that V is the Zariski-closure of M. We fix a point χ in V res (R) n M. Let ψ : | ] ^ M be a triangulation s above. Assume that je is a vertex and that the simplicial neighbourhood N K ,(x) of χ is contained in K reg (/?) n M. N K ,(x)\{x} is homotopy equivalent to Lk K , (x) . By excision we get ,(Jlf,M\{x};Z/2)sJÛ sing similar arguments s in the proof of Lemma 8. 6 we see that and is generated by the sum of those «-simplices of K' which are contained in N K , (x) . The assertion follows now immediately.
The role and the meaning of the homology classes 5 k (M, φ) with 0 <k<n, defined above, seems to be still mysterious even in the case =R We do not know whether these classes are independent of the choice of the triangulation.
Added in proof.
We now know that the semialgebraic space V(R) of real points of any algebraic variety V over R (separated, of finite type) is affine, cf. § 2 of our forthcoming paper "Retractions and homotopy extension in semialgebraic spaces". Thus the Standard assumption in the present paper, that all occurring varieties are quasiprojective, is not necessary.
